Abstract We investigate the dynamics of the localized nonlinear matter wave in spin-1 BoseEinstein condensates with trapping potentials and nonlinearities dependent on time and space.
I. INTRODUCTION
For a decade, the experimental realization of Bose-Einstein condensations (BECs) at ultralow temperatures has attracted great interest in the atomic physics communication [1, 2] . In recent years, one of the most important developments in BECs was the study of the spinor condensations. The idea of the spinor condensations was proposed by Ho and Ohmi [3, 4] .
Stamper-Kurn et al. created the spinor condensations in experiment [5] , which provides a new perspective to observe phenomena that are not present in single-component BECs. These included the formation of spin domains and spin textures [6, 7] . Later, the spinor BECs with F > 1 have also been studied theoretically [8, 9] . In contrast to single and two-component BECs, the spin-F condensates described by macroscopic wave functions with 2F+1 components have some new characteristics, including the vector character of the order parameter and the changed role of the spin relaxation collisions. Here we focus on BECs of alkali atoms in the F=1 hyperfine state, such as 23 N a, 87 Rb and 7 Li [6, 10] , restricted to one-dimensional space by purely optical means. In the absence of an external magnetic fields, the three internal states m F = 1, 0, −1, with m F the magnetic quantum number, are generated, in which an m F = 1 and an m F = −1 atom can collide and produce two m F = 0 atoms and vice versa. Under the mean-field approximation, the dynamics of the spinor condensates can be described by threecomponent Gross-Pitaevskii equation (GPE) . Stimulated by the experiments done by JILA [11] and MIT [12] groups and the theoretical works of Ho, Ohmi and Machida [13, 14] , many studies have been done [15] [16] [17] [18] [19] [20] [21] [22] [23] . While, there is few work on the spinor BECs with time-space modulation to present.
Matter waves as the natural outcomes of the mean-field descriptions have been observed experimentally and investigated theoretically [24, 25, 26] . For example, matter wave solitons in atom optics could be used for applications in atom laser, atom interferometry and coherent atom transport. Moreover, it is also helpful to the realization of quantum information processing and computation [27] . So it is interesting to develop a new technique for constructing particular solitons. One possible technique is to alter the interatomic interactions by means of external magnetic fields. Recent experiments show that the effective scattering length can be tuned by Feschbach resonance [28, 29, 30] . This brought about a good proposal for manipulation of the 2 nonlinear excitations and matter wave by controlling the time-dependent or space-dependent scattering strength [31] [32] [33] [34] . In Refs. [35, 36] , the matter wave solitons in BECs with timedependent scattering length was investigated. Nonlinear matter wave in atomic-molecular BECs with space-modulated nonlinearity and in two-component BECs with time-space modulation nonlinearities have been studied. [37, 38] .
In this paper, we consider the spin-1 BECs with space and time dependent nonlinearities and trapping potentials, which can be described by a system of three-component GPEs. Different from the one-, two-component BECs, we can use an optically induced Feshbach resonance [39] or a confinement induced resonance [40] 
II. LOCALIZED NONLINEAR MATTER WAVE SOLUTIONS
We consider the spin-1 BECs confined in the trapping potential V ext = m 2 (ω 2 x x 2 +ω 2 ⊥ (y 2 +z 2 )) with m the mass of 23 N a atoms, ω x and ω ⊥ are the confining frequencies in the transverse and axial directions. The spin-1 BECs can be described by vectorial wave function Ψ(x, t) = (ψ 1 (x, t), ψ 0 (x, t), ψ −1 (x, t)) T with the components corresponding to the three values of the vertical spin projection m F = +1, 0, −1. When the temperature is lower than the critical temperature, the wave functions are governed by a set of three coupled dimensionless Gross-Pitaevskii equation [3, 18, 41] 
Here,
is the external trapping potential, E j ∈ R is the dimensionless Zeeman energy of spin component m F = −1, 0, 1 and |ψ 1 | 2 +|ψ 0 | 2 +|ψ −1 | 2 is the total condensate density. The strength of the interaction is given by
, wherē h is the reduced Planck constant and a 0 , a 2 are the s-wave scattering lengths scattering channel of total hyperfine spin-0 and spin-2, respectively [42] . The external trapping potentials is given by V = ωx 2 2 with ω = 2π × 230Hz. The scattering lengths a 0 = 50a B and a 2 = 55a B with Bohr radius a B = 0.529Å. In Refs. [45, 46] , the spinor BECS was illustrated systematically from experimental and theoretical progress. In our case, the scattering lengths depend on time and space, that is to say g n = g n (x, t), g s = g s (x, t), In the following, we seek the exact localized solutions of (1) for lim |x|→∞ ψ ±1,0 = 0. To do this, the similarity transformation
are taken to transform (1) to the ordinary differential equations (ODEs)
where b ij , i = 1, 2, j = 1, 2, 3, 4 are constants. Substituting (2) into (1) and letting
to satisfy (3), we obtain a set of partial differential equations (PDEs). Solving this set of PDEs,
we have
dτ is called an error function, the undetermined functions ξ ±1 (t) and
To obtain explicit solutions, we choose ω 2 as the form
where ∈ (−1, 1) and ω 0 , ω ∈ R. Now under the condition
5 where c j , (j = −1, 0, 1, 2, 3) are arbitrary constants, and A, B are constants satisfying AB−C 2 =
with (ξ 1 , ξ 2 ) being two linear independent solutions of the Mathieu equation
When the interactions are attractive, the ODEs (3) have two families of exact solutions
2 ),
and
Here, µ 1 , µ 2 are arbitrary constants, cn, sd = sn/dn are Jacobi elliptic functions. When the interactions are repulsive, the solutions of the the ODEs (3) are similar to (9) and (10).
When imposing the bounded condition lim |x|→∞ ψ ±1,0 (x) = 0, we have
, where the natural number n and m are the order of the solitons, and
Based on (4), (7)- (10), we work out two families of exact solutions of the dimensionless Gross-Pitaevskii equation (1) 
where δ(t), α ±1 (x, t) are given in (7), and U (j) , V (j) , W (j) (j = 1, 2) are given in (9)-(10). The significance of each quantity is: γ(x, t) = λ(t)x(λ(t)x + 2δ(t)), coordinate for observing soliton's envelope; α 1 (x, t), coordinate for observing soliton's carrier waves; λ(t)e δ(t) 2 2 , amplitude of the solitons. It is easy to see that lim |x|→∞ ψ ±1,0 (x) = 0 by direct computation, so these two families of solutions are localized nonlinear wave solutions.
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III. DYNAMICS OF THE LOCALIZED NONLINEAR MATTER WAVE
The localized matter waves given by (11) feature soliton properties: they propagate undistorted and undergo quasielastic collisions. According to different choices of ω and , different types of behaviors can be classified as:
(a) Breathing solitons, when = 0.
(b) Quasiperiodic soliton, when = 0 and the two linear independent solutions ξ 1 , ξ 2 belong to the stability domain of (8).
(c) Resonant soliton, when = 0 and ξ 1 , ξ 2 are in the instability domain of (8) .
In this section, we will consider the dynamics of the localized nonlinear matter wave and propose how to control them by the external trapping potentials and the space-time inhomoge- 
A. Breathing solitons
Here, we take = 0. Now we study how the space-and time-dependent nonlinearities g n and g s control the dynamics of the localized nonlinear waves. In this case, the interactions
e −(λ(t)x+δ(t)) 2 are all space-and time-dependent, which can be realized by controlling the optically induced Feshbach resonance or a confinement induced resonance in the real BEC experiments. The corresponding localized nonlinear wave can be obtained from (11).
These solutions show different features according to the choice of the parameter δ(t).
Case 1. δ(t) = 0. In this case, we take the frequencies ω x = 20πHz and ω ⊥ = 50πHz, the ratio of the confining frequency ω = 0.4. In Fig.1 , we show the evolution of density profiles for the one-order wave function ψ 
0 , respectively. Fig.1 (d) demonstrates the total density distribution |ψ
0 | 2 for the spinor BECs. Fig.1 (e) demonstrates the amplitude λ(t) and the width 1/λ(t) of the wave functions. It is observed that the amplitude and the width of the localized nonlinear waves vary periodically with the increasing time. In all figures of this paper, the units of space length and time are 1.38µm and 0.7ms. 
0 | 2 and the total density distribution |ψ
0 | 2 , respectively. (e) demonstrates the amplitude (red one) and the width (blue one). The ratio of the confining frequency is taken as ω = 0.4.
Case 2. δ(t) = 0 and it is given by (7) . In this situation, the tapping potential is still time-independent, but the interactions g n , g s given by (7) and () become more complex, the amplitude of the nonlinear matter wave becomes λ(t)e 
0 , respectively. Fig. 2 (d) demonstrates the total density distribution
0 | 2 for the spinor BECs. It can be observed the nonlinear matter waves are space localized and moving periodically with respect to time. Fig. 2 (e) describes the amplitude of the breathing solitons (red one) and the moving breathing solitons (blue one). It can be found that the amplitudes of the nonlinear waves vary periodically versus t, and the amplitudes of the moving breathing solitons are higher than the breathing solitons. 
0 | 2 and 
B. Quasibreathing solitons
Now, we consider the case of = 0. In order to give an example of quasibreathing solitons, we take ω 0 = 0.4, ω = 2 and = 0.1 in (6), i.e. the ratio of the confining frequency ω = 9 0.16 + 0.03cos(0.2t) is time dependent function, which ensure that two linear independent solutions ξ 1 and ξ 2 of the Mathieu equation (6) belong to its stability region. So (6) has two incommensurable frequencies. In this way, the localized matter wave given by the solutions (11) exhibit quasiperiodic behaviors and the trapping potential and interactions are still space and time dependent. (b1) and (b2) exhibit the evolution of the density and contour distribution |ψ
and (c2) display the evolution of the density and contour distribution |ψ
0 | 2 , respectively. (d1) and (d2) illustrate the evolution of the density and contour distribution |ψ 
1 , ψ
0 and the total density distribution |ψ
0 | 2 , respectively. Fig. 3 (e) describes the amplitude (red one) and the width (blue one) of the quasibreathing solitons. It can be observed the nonlinear matter waves are space localized and quasiperiodic with respect to time and it can also be fond that the amplitude and width of the nonlinear waves are quasiperiodically versus t.
C. Resonant solitons
Here, we still consider the case of = 0, i. e., the ratio of the confining frequency ω is time dependent. In this case, we choose ω 0 = 0.44, ω = 32 and = 0.003 in Mathieu equation (6), which ensure that two linear independent solutions ξ 1 and ξ 2 of (6) belong to its instability region.
Thus, the localized matter waves given by the solutions (11) show the resonant solitons behaviors and the trapping potential and interactions are still space and time dependent. In Fig. 4 , we show the evolution of the density and contour profiles for the resonant solitons. The first to fourth column in Fig.4 demonstrate the evolution of the density and contour profiles of the one order wave function ψ
0 , and |ψ 
1 | 2 + |ψ 
IV. STABILITY ANALYSIS
Now we study the dynamical stability of the localized nonlinear wave solutions (11) 
ν(t) , ν(t) = 5sin( 6 show the evolution of the one-order moving breathing solitons with δ = 1 , ε = 0 and
. It can be seen that the moving breathing solitons ψ 
V. CONCLUSION
In this paper, we study the dynamics of the localized nonlinear matter wave solutions of the three-component GPEs with time-and space-dependent nonlinearities for F=1 spinor BECs. We take the sodium atom 23 N a with the total number N = 3 × 10 6 as an example to show how to create various soliton phenomena under the condition that the Zeeman energy E j satisfies E 1 + E −1 = E 0 . When the confining frequencies in the transverse and axial directions are taken as ω x = 20πHz and ω ⊥ = 50πHz, respectively, the breathing solitons can be observed with the interactions g n (x, t) = −g s (x, t) = . When the confining frequencies in the transverse are the functions of t, the quasibreathing soliton and resonant solitons may 14 be observed. For example, the interactions g n (x, t) = −g s (x, t) = −e (λ(t)x+δ(t)) 2 /(8λ(t)) and the confining frequencies ω x = (16 + 3cos0.2t)πHz and ω ⊥ = 100πHz, the quasibreathing soliton can appear. And the resonant soliton can appear with the confining frequencies ω x = (19 + 0.03cos32t)πHz and ω ⊥ = 100πHz. We hope that these dynamics behaviors of the spin-1
BECs with spatiotemporal nonlinearities can be realized in the future experiment and help us to understand these phenomena further.
